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PREFACE 
The goal of air quality management is to minimize exposure 
of man and environment to pollutants released in the atmosphere. 
Although it is generally possible to reduce pollution below a 
level no longer detrimental, there are economic constraints to 
be met. 
This study discusses in view of achieving a given air quality 
minimum costs solutions in relation to: a) abatement of air 
pollutants from a thermal power plant and b) the adoption of a 
centralized heating system to reduce pollution in a city. It 
has been done as a part of IIASA research activities on manage- 
ment of environmental resources and quality, with the support of 
ICSAR funds. 
ABSTRACT 
I n  t h i s  paper atmospheric d i f f u s i o n  modelling and nonl inear  
op t imiza t ion  techniques a r e  used f o r  t h e  a n a l y s i s  of minimum 
c o s t  a l t e r n a t i v e s  of a i r  p o l l u t i o n  c o n t r o l  s t r a t e g i e s .  Two cases  
a r e  considered: a )  c o n t r o l  of a i r  p o l l u t i o n  from a  l a r g e  p o i n t  
source and b )  reduct ion  of e x i s t i n g  p o l l u t i o n  l e v e l s  i n  an urban 
a rea  u t i l i z i n g  t h e  h e a t  cogenerated by a  thermal power p l a n t  
f o r  d i s t r i c t  hea t ing .  
A s  t o  a )  a  program has  been b u i l t  t o  compute t h e  minimum 
c o s t  func t ion  f o r  t h e  chosen abatement techniques ( inc lud ing  
s t a c k  h e i g h t )  under t h e  c o n s t r a i n t  of keeping t h e  ground l e v e l  
concent ra t ion  of N p o l l u t a n t s  (gaseous o r  p a r t i c u l a t e s )  a t  
s p e c i f i e d  va lues .  
Cost func t ions  f o r  s t a c k  he igh t  and abatement techniques 
a r e  i n p u t  t o  t h e  program. A s  an example, r e s u l t s  a r e  presented  
f o r  t h e  c o n t r o l  of two d i f f e r e n t  p o l l u t a n t s  c o n t r o l l e d  by two 
abatement techniques p l u s  s t a c k  he igh t .  
A s  t o  b) an i n t e r a c t i v e  program has  been developed t o  i d e n t i f y  
minimum c o s t  network f o r  h e a t  conveyance necessary  t o  supply a  
set  of  r e s i d e n t i a l  a r e a s  t o  achieve a  given reduct ion  of p o l l u t i o n  
i n  t h e  urban a rea .  Resul t s  a r e  presented  f o r  t h e  c i t y  of Vienna. 
ABATEMENT OF A I R  POLLUTANTS AND 
COGENERATION: SEARCH FOR AN OPTIMAL SOLUTION 
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INTRODUCTION 
Every human a c t i v i t y  i nvo lves  t h e  chemical  and p h y s i c a l  
t r ans fo rma t ion  o f  m a t e r i a l s ,  t h u s  g e n e r a t i n g  a c e r t a i n  amount 
o f  r e s i d u a l s  which cannot  b e  economical ly  r eused  and which must 
t h e r e f o r e  be  d i sposed  i n  t h e  environment.  The r e s i d u a l s  r e l e a s e d  
i n t o  t h e  atmosphere a r e  t r a n s p o r t e d ,  t r ans formed  and accumulated 
through complex me teo ro log i ca l ,  p h y s i c a l  and chemical  p r o c e s s e s ,  
which r e s u l t  i n  temporal  and s p a t i a l  p a t t e r n s  o f  ambient  concen t ra -  
t i o n s .  These c o n c e n t r a t i o n  p a t t e r n s  r e p r e s e n t  a  nu i s ance ,  o r  
cause  a damage, e i t h e r  t o  man and h i s  p r o p e r t y  o r  t o  some impor- 
t a n t  e c o l o g i c a l  subsystem. Formally a damage func t ion"  r e l a t e s  
any l e v e l  o f  p o l l u t i o n  c o n c e n t r a t i o n  w i th  t h e  cor responding  
damage it would produce.  
To reduce t h e  damage caused  by a i r  p o l l u t i o n  a c o n t r o l  s t r a t e g y  
must b e  adopted.  L e t  us  c a l l  T I  (C r C 2  , . . .,, CN)  t h e  minimum c o s t  1 
a s s o c i a t e d  w i th  c o n t r o l  s t r a t e g y  I t o  keep t h e  p o l l u t i o n  caused 
by N r e s i d u a l s  a t  t h e i r  r e s p e c t i v e  c o n c e n t r a t i o n  l e v e l s  
C1 , C 2 , .  . . ,CN,  and l e t  us assume t h a t  w e  can i d e n t i f y  
where I ranges  o v e r  a l l  t h e  p o s s i b l e  c o n t r o l  s t r a t e g i e s .  I f  w e  
cou ld  e s t i m a t e  t h e  c o s t  damage f u n c t i o n  A ( C 1 , C 2 ,  ..., CN)  a s s o c i a t e d  
w i t h  t h e  se t  {C1,C2, ... , C N }  t h e n  t h e  c o n c e n t r a t i o n s  {C1 o p t  o p t  1c2 I 
~ i ~ ~ ~ m i n i m i z i n ~  t h e  sum o f  I. and A y i e l d s  t h e  maximum b e n e f i t  
t o  man's we l l -be ing .  Th i s  i s  t r u e  under t h e  i m p l i c i t  assumption 
t h a t  A and r r e p r e s e n t  r e s p e c t i v e l y  t h e  t o t a l  l o s s  o f  man's 
we l l -be ing  and t h e  minimum p o l l u t i o n  c o n t r o l  c o s t  (see, e . g . ,  
Guldmann and S h e f e r ,  1980) . 
I n  p r a c t i c e ,  p o l l u t i o n  c o n t r o l  canno t  b e  based on maximum 
b e n e f i t  t o  man's we l l -be ing  because  r and A a r e  unknown. I t  i s  
g e n e r a l l y  based  on maximum c o n c e n t r a t i o n  v a l u e s  which must n o t  be 
exceeded.  These s t a n d a r d s  a r e  n e c e s s a r i l y  d e f i n e d  w i t h  some 
d e g r e e s  o f  a r b i t r a r i n e s s  s i n c e  t h e  complete spec t rum of  t h e  
e f f e c t s  caused by a  g i v en  p o l l u t a n t  o r  se t  of  p o l l u t a n t s  i s  
g e n e r a l l y  n o t  known. I n  o r d e r  t o  a ccoun t  f o r  t h e  dependency o f  
e f f e c t s  on t h e  d u r a t i o n  o f  exposure  t o  a  g iven  c o n c e n t r a t i o n  
l e v e l ,  s t a n d a r d s  a r e  g iven  f o r  exposure  p e r i o d s  o f  d i f f e r e n t  
l e n g t h .  They a r e  g e n e r a l l y  d e f i n e d  f o r  sho r t - t e rm  (30 minutes  - 
24 h o u r )  and long-term average  c o n c e n t r a t i o n s  (1 month - 1  y e a r )  , 
and,  t o  accoun t  f o r  s y n e r g i s t i c  e f f e c t s ,  a r e  mutua l ly  c o n s t r a i n e d  
f o r  g i v e n  p o l l u t a n t s  (see, e . g . ,  Sched l ing  and Baumann, 1975) . 
Once t h e  s t a n d a r d s  a r e  d e f i n e d ,  t h e  goa l  o f  t h e  r e l a t e d  
env i ronmenta l  p o l i c i e s  becomes t h e  a t t a i n m e n t  o f  t h e  chosen 
s t a n d a r d s .  Th i s  c an  be  ach ieved  by d i f f e r e n t  manners such a s  
r e g u l a t i o n s ,  t a x e s ,  i n c e n t i v e s ,  etc. ,  (see, e . g . ,  Downing, 1971) , 
a l l  l e a d i n g  t o  t h e  ad o p t i on  o f  c o n t r o l  s t r a t e g i e s ,  which,  i n  
p r i n c i p l e ,  a r e  r e q u i r e d  t o  o p e r a t e  a t  minimum c o s t .  R e c a l l i n g  
t h e  above n o t a t i o n ,  t h i s  can b e  deduced from t h e  knowledge o f :  
~ I ~ ~ 1 1 ~ 2 1 . . . l C N ~  = min y I ( x l  x 2 t - - , x L )  I 
X 1 , X 2 1 . . . , X  L 
where { x , , X ~ , . . . , X ~ )  i s  t h e  set  o f  pa ramete r s  from which t h e  
I - t h  c o n t r o l  s t r a t e g y  depends and yI i s  t h e  c o s t  a s s o c i a t e d  w i t h  
e v e r y  a d m i s s i b l e  set  {X , x 2 , .  . . , xL) .  To i l l u s t r a t e  t h i s  p o i n t  
l e t  us  c o n s i d e r  a  set of  p o l l u t a n t s  o f  o n l y  two e l emen t s ,  i n  
a d d i t i o n  r I  be a  monotonic d e c r e a s i n g  f u n c t i o n  ( i n  e ach  argument)  
f o r  i n c r e a s i n g  v a l u e s  of i t s  arguments a s  shown i n  F i g u r e  1 .  
Fig u re  1 .  Hypo the t i c a l  Minimum Cos t  Func t ion  Assoc i a t ed  w i t h  
t h e  I - t h  C o n t r o l  S t r a t e g y  f o r  Two P o l l u t a n t s  ( u n i t s  
i n  t h e  f i g u r e  a r e  a r b i t r a r y  f o r  bo th  c o n c e n t r a t i o n  and 
c o s t )  
For p o l l u t a n t s  hav ing  independent  e f f e c t s  t h e  c o n d i t i o n  t o  
be v e g i f i e d  is: 
* 
where C i n d i c a t e  a  s t a n d a r d  v a l u e .  I f ,  a s  assumed, T I  i s  
monoton ica l ly  d e c r e a s i n g ,  t h e  s o l u t i o n  o f  minimum c o s t  i s  ( s e e  
F i g u r e  1  ) : 
For  p o l l u t a n t s  hav ing  s y n e r g i s t i c  e f f e c t s ,  t h e  above 
i n e q u a l i t i e s  must be  r e p l a c e d  by 
where R ( C 1 , C 2 )  acco u n t s  f o r  t h e  combined a c t i o n  o f  t h e  two po l -  
- 
l u t a n t s .  The o p t i m a l  s o l u t i o n  now l ies  on t h e  cu rve  r c o r r e s -  I 
ponding t o  t h e  f u n c t i o n  R (C1 , C 2 )  a s  i l l u s t r a t e d  f o r  a  h y p o t h e t i c a l  
c a s e  i n  F g i u r e  1. 
I n  t h i s  s t u d y ,  f i r s t ,  i n  r e l a t i o n  t o  t h e  i n s t a l l a t i o n  o f  a  
the rmal  power p l a n t  i n  a  g iven  u r b a n - i n d u s t r i a l  a r e a ,  w e  w i l l  
a n a l y z e  t h e  minimum c o s t  s o l u t i o n s  o f  combined abatement  t e c h -  
n i q u e s  and s t a c k  h e i g h t  e n s u r i n g  t h a t  p o l l u t i o n  caused  by t h e  
power p l a n t  does n o t  exceed  a  p r e f i x e d  p e r c e n t  i n c r e a s e  o f  t h e  
ambient  a i r  p o l l u t i o n  a l r e a d y  e x i s t i n g  i n  t h e  a r e a .  Second, 
i n  r e l a t i o n  t o  t h e  ad o p t i o n  o f  a  c e n t r a l i z e d  h e a t i n g  sys tem,  
b u i l t  i n  o r d e r  t o  reduce  t h e  p o l l u t i o n  i n  t h e  urban a r e a ,  w e  
w i l l  examine t h e  minimum c o s t  networks o f  h e a t  conveyance neces-  
s a r y  t o  supp ly  a  number o f  c i t y  d i s t r i c t s  chosen i n  such  a  way 
t h a t  a  p r e e s t a b l i s h e d  p e r c e n t  r e d u c t i o n  o f  t h e  e x i s t i n g  p o l l u t i o n  
i s  ach ieved .  
I n  t h i s  s t u d y ,  s t a n d a r d s  a r e  n o t  d e f i n e d  i n  an  a b s o l u t e  way. 
They a r e  themse lves  pa ramete r s  o f  t h e  p o l i c y ,  chosen i n  terms 
of  e i t h e r  i n c r e a s e  o r  r e d u c t i o n  o f  t h e  a c t u a l  c o n c e n t r a t i o n  i n  
t h e  c o n t r o l l e d  a r e a .  The p r e s e n t  work has  been done w i t h  r e f e r e n c e  
t o  t h e  a r e a  o f  Vienna where bo th  i n s t a l l a t i o n  o f  a  new c o a l - f i r e d  
power p l a n t  and c e n t r a l i z e d  h e a t i n g  a r e  p lanned by t h e  l o c a l  
a u t h o r i t y .  The s t u d y  h a s  been focused on t h e  e f f e c t s  o f  t h e s e  
c o n t r o l  s t r a t e g i e s  on a i r  p o l l u t a n t s  c o n c e n t r a t i o n  averaged o v e r  
t h e  h e a t i n g  p e r i o d .  
I n  o r d e r  t o  i d e n t i f y  op t ima l  s o l u t i o n s  f o r  t h e  two s t r a t e g i e s ,  
c o s t s  o f  abatement ,  s t a c k  and d i s t r i c t  h e a t i n g  must be  s p e c i f i e d .  
The l a t t e r ,  h a s  been assumed p r o p o r t i o n a l  t o  t h e  l e n g t h  and loca -  
t i o n  o f  t h e  s team p i p e l i n e ,  t h e  formers  have been cons ide r ed  
t o  b e  known f u n c t i o n s  o f  t h e  e f f i c i e n c y  o f  t h e  abatement t e chn ique  
( t h a t  i s ,  t h e  r a t e s  o f  t h e  o u t p u t  and i n p u t  f low o f  p o l l u t i o n )  
and o f  s t a c k  h e i g h t ,  r e s p e c t i v e l y .  
Before p roceed ing  t o  t h e  fo rmu la t i on  and a p p l i c a t i o n  o f  t h e  
mathemat ica l  o p t i m i z a t i o n  programs a s s o c i a t e d  w i t h  t h e  c o n s i d e r e d  
c o n t r o l  s t r a t e g i e s ,  t h e  p o l l u t a n t s  c o n c e n t r a t i o n  must be  r e l a t e d  t o  
t h e  e m i t t e d  q u a n t i t i e s  through mode l l ing  o f  t h e  a tmospher ic  s y s  t e m .  
This  i s  done i n  t h e  n e x t  s e c t i o n .  
THE ATMOSPHERIC SYSTEM 
The r a t e  o f  d i f f u s i o n  o f  p o l l u t a n t s  depends on t h e  i n t e n s i t y  
o f  a tmospher ic  t u r b u l e n c e .  This  i s  s t r o n g l y  i n f l u e n c e d  by t h e  
r a t e  o f  d e c r e a s e  o f  t em p e ra tu r e  w i th  h e i g h t ,  t h e  s o - c a l l e d  
" t e m p e r a t u r e  l a p s e  r a t e " .  The r e f e r e n c e  r a t e  i s  t h e  a d i a b a t i c  
l a p s e  r a t e w h i c h  co r r e sp o n ds  t o  a  h y d r o s t a t i c a l l y  n e u t r a l  atmos- 
phere  (no buoyancy f o r c e s  a c t  on t h e  a i r  p a r c e l s ) .  When t h e  
t e m p e r a t u r e  g r a d i e n t  is  less t h a n  t h e  a d i a b a t i c  l a p s e  r a t e ,  t h e  
atmosphere i s  u n s t a b l e  (buoyancy f o r c e s  enhances  t h e  motion of 
a i r  p a r c e l s ) .  On t h e  c o n t r a r y  when t h e  t empe ra tu r e  g r a d i e n t  i s  
g r e a t e r  t h a n  t h e  a d i a b a t i c  l a p s e  r a t e ,  t h e  atmosphere i s  s t a b l e  
(buoyancy f o r c e s  reduces  t h e  motion o f  a i r  p a r c e l s ) .  Th i s  s i t u a -  
t i o n  is  r e f e r r e d  t o  a s  " i n v e r s i o n " .  I t  can  b e  e i t h e r  ground 
based o r  o ccu r  a t  a  g iven  h e i g h t  c a l l e d  "mixing h e i g h t "  because  
d i f f u s i o n  i s  su p p r e s sed  a t  t h e  i n v e r s i o n  h e i g h t .  
Atmospheric t u r b u l e n c e  i s  a l s o  s t r o n g l y  i n f l u e n c e d  by t h e  
wind p r o f i l e .  I n  c o n t r a s t  t o  t h e  t empe ra tu r e  p r o f i l e ,  wind 
p r o f i l e  is  always a  s o u r c e  o f  energy f o r  t h e  t u r b u l e n t  motion 
o f  a i r  p a r c e l s  (see, e .  g. , Dobbins, 1979) . Drawing on t h e s e  
c o n c e p t s ,  P a s q u i l l  and G i f f o r d  (see P a s q u i l l ,  1974; G i f f o r d ,  
1961, 1976) proposed t o  c l a s s i f y  a tmospher ic  t u r b u l e n c e  i n t o  
s i x  c l a s s e s  i n  t e rms  o f  wind speed ,  i n s o l a t i o n  and c l o u d i n e s s  
( t h e  l a t t e r  two p a r a m e t e r s  b e i n g  an  i n d i r e c t  e s t i m a t i o n  o f  t h e  
v e r t i c a l  the rmal  s t r u c t u r e ) ;  and gave f o r  each c l a s s  p l o t s  o f  
downwind growth o f  t h e  c rosswind  and v e r t i c a l  s t a n d a r d  d e v i a t i o n s  
o f  t h e  d i s t r i b u t i o n  o f  m a t t e r  i n  a  p o l l u t a n t  c loud .  T h i s  approach 
p rov ided  t h e  b a s i s  f o r  t h e  computa t ion  o f  t h e  downwind concen t ra -  
t i o n  i n  many s t u d i e s ;  w e  w i l l  a l s o  make use  o f  it a s  s p e c i f i e d  
l a t e r .  
A s  t h e  p o l l u t a n t s  l e a v e  t h e  s t a c k  t h e y  g e n e r a l l y  undergo an  
upward motion,  c a l l e d  plume r ise,  caused  by b o t h  i n i t i a l  e j e c t i o n  
speed  and t h e r m a l  d i f f e r e n c e s  between t h e  plume and t h e  ambient  
atmosphere.  The plume r i se ,  b r i n g i n g  t h e  p o l l u t a n t s  t o  t h e  
upper  l a y e r s  o f  t h e  lower  atmosphere i s  e f f e c t i v e  i n  r e d u c i n g  
l o c a l  p o l l u t i o n  (however,  t o g e t h e r  w i t h  h i g h  s t a c k  c o n t r i b u t e s  t o  
t r a n s f o r m  p o l l u t i o n  from a  l o c a l  t o  a  r e g i o n a l  problem) and must 
t h e r e f o r e  b e  t a k e n  i n t o  a c c o u n t  i n  t h e  computa t ion  of  downwind 
c o n c e n t r a t i o n s .  N e g l e c t i n g  t h e  t u r b u l e n c e  induced  by e j e c t i o n  
v e l o c i t y  and t e m p e r a t u r e  d u r i n g  t h e  i n i t i a l  s t a g e  o f  t h e  plume, 
t h e i r  e f f e c t s  on t h e  downwind c o n c e n t r a t i o n s  c a n  b e  accoun ted  
f o r  by i n c r e a s i n g  t h e  g e o m e t r i c  h e i g h t  h  o f  t h e  s t a c k  o f  t h e  
q u a n t i t y  Ah due t o  t h e  plume rise.  I n  o t h e r  words, it i s  assumed 
t h a t  t h e  computa t ion  i s  done a s  i f  t h e  r e l e a s e  o c c u r r e d  a t  
he = h + Ah (he: e f f e c t i v e  s t a c k  h e i g h t )  i n  thermodynamic 
e q u i l i b r i u m  w i t h  t h e  ambient  htmosphere.  Fo l lowing  B r i g g s  (1971, 
1 9 7 5 ) ,  Ah h a s  been computed i n  t h i s  s t u d y  by t h e  e q u a t i o n s  g i v e n  i n  
Appendix A. 
Due t o  t h e  i n h e r e n t  s t o c h a s t i c  n a t u r e  o f  t u r b u l e n c e ,  t h e  
c o n c e n t r a t i o n  i s  a  s t o c h a s t i c  q u a n t i t y  of  which o n l y  s t a t i s t i c s  
can  be e s t i m a t e d .  Mostly w e  a r e  i n t e r e s t e d  i n  t h e  e v a l u a t i o n  
o f  i t s  ensemble a v e r a g e ,  which i s  a n  approx imat ion  t o  t h e  
t i m e  average  r e c o r d e d  i n  m o n i t o r i n g  s t a t i o n s  (see, Venkatram, 
1981) .  
I f  P ( x ,  t 1 0 )  i s  t h e  p r o b a b i l i t y  t h a t  a p o l l u t a n t  p a r c e l  
- 
be i n  t h e  volume x  + Ax/2 a f t e r  a  t ime t from be ing  r e l e a s e d  a t  
- - 
x t h e  ensemble average  c o n c e n t r a t i o n  i s  given  by: 
- s t  
where < * >  deno te s  ensemble average  and QI i s  t h e  p o l l u t a n t  q u a n t i t y  
r e l e a s e d  i n s t a n t a n e o u s l y  a t  xs - a t  t i m e  t = 0 .  I n  o t h e r  words, 
f o r  an i n s t a n t a n e o u s  p o i n t  s o u r c e ,  t h e  ensemble average  concentra-  
t i o n  i s  o b t a i n e d  by m u l t i p l y i n g  t h e  q u a n t i t y  r e l e a s e d  w i th  t h e  
p r o b a b i l i t y  d e n s i t y  
For  a  con t inuous  p o i n t  sou rce  o f  r a t e  Q w e  g e t  by over-  
imposing t h e  e f f e c t s :  
The e v a l u a t i o n  o f  G (x ,  t 1 rs, t') i s  t h e  fundamental  i s s u e  i n  
- 
model l ing o f  a i r  p o l l u t a n t s  d i f f u s i o n  ( s e e ,  e . g . ,  Runca e t  a l . ,  
1 9 8 1 ) .  
For  t h e  purpose o f  t h i s  s t udy  l e t  us  assume t h a t  h o r i z o n t a l  
d i f f u s i o n  i s  n e g l i g i b l e  w i th  r e s p e c t  t o  wind advec t i on .  Then by 
t a k i n g  t h e  r e f e r e n c e  frame wi th  t h e  x-axis  a long  t h e  wind d i r e c -  
t i o n  and making t h e  a d d i t i o n a l  assumption t h a t  t h e  wind v e l o c i t y  
can b e  approximated by a  uniform va lue  u ( t u r b u l e n c e  homogeneous) 
w e  can w r i t e  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i n  t h e  form: 
where 6 ( * )  i s  t h e  D i r a c ' s  f u n c t i o n  and G ( y , z , t l y s , h e , t ' )  i s  t h e  
Y Z  
p r o b a b i l i t y  d e n s i t y  t h a t  a  p a r t i c l e  r e l e a s e d  from (yS,he)  a t  
t' w i l l  b e  i n  ( y , z )  a t  t ,  moving i n  a  p l ane  p e r p e n d i c u l a r  t o  t h e  
wind d i r e c t i o n .  
Using ( 4 )  i n  ( 3 )  and r e p l a c i n g  t h e  i n t e g r a t i o n  v a r i a b l e  t '  
by 
w e  g e t  
1 f 
u t  
R e c a l l i n g  t h a t  
I" f ( r l o )  a < ' l o -  - < b  f ( Q ) 6  (v-vo)dQ = 
a  0 else 
( 5 )  g iv e s :  
Q (t- (x-xs) /G)  (x-xs 
< C ( x , y , z , t ) >  = - G ( ~ t z t t l ~ ~ t h ~ t t -  7I ;  
u  Y Z  u  (6a  
f o r  (x-x ) <  u t  S - 
< C ( x , y , z , t ) >  = 0 f o r  (x-xS) > it (6b)  
Assuming t h a t  t h e  s t o c h a s t i c  p roce s s  i s  s t a t i o n a r y  t h e  
p r o b a b i l i t y  d e n s i t y  G ( 0 )  depends o n l y  on t h e  t i m e  l a p s e  
- Y Z  (x-xs)/u.  Fur thermore  s i n c e  i n  o u r  i d e a l i z a t i o n  t h e  p o l l u t a n t  
p a r t i c l e s  a r e  r i g i d l y  moving i n  t h e  wind d i r e c t i o n ,  w e  r e cogn i ze  
t h a t  G ( 0 )  depends o n l y  on t h e  d i s t a n c e  (x-xs) ,  t h a t  i s  t h e  
Y Z  
p r o b a b i l i t y  t h a t  a  p a r t i c l e  w i l l  be i n  (y .2)  a f t e r  a  t i m e  (x-xs)/u 
i s  e q u a l  t o  t h e  p r o b a b i l i t y  t h a t  t h e  p a r t i c l e  w i l l  b e  i n  ( y , z )  
a f t e r  t r a v e l l i n g  a  d i s t a n c e  (x-xs) . Thus, w i t h  t h e  a d d i t i o n a l  
assumpt ions  t h a t  c rosswind  and v e r t i c a l  d i f f u s i o n  a r e  independen t  
and Q i s  c o n s t a n t ,  (6 )  t a k e s  t h e  s i m p l i f i e d  form: 
We now c o n s i d e r  t h e  a p p l i c a t i o n  o f  ( 7 )  t o  t h e  computa t ion  
o f  t h e  average  c o n c e n t r a t i o n  a t  ( x , y , z )  o v e r  a  l o n g  p e r i o d  o f  
l e n g t h  T. To proceed  i n  t h i s  computa t ion  w e  d i v i d e  T i n  i n t e r v a l s  
o f  l e n g t h  Ti, such  t h a t  e a c h  i n t e r v a l  r e p r e s e n t s  t h e  t o t a l  d u r a t i o n  
of t h e  i - t h  m e t e o r o l o g i c a l  c o n d i t i o n .  With t h i s  d e f i n i t i o n  w e  
c a n  w r i t e :  
where E ( x , y ,  z )  i s  t h e  a v e r a g e  c o n c e n t r a t i o n  o v e r  T ,  <C>i  i s  t h e  
ensemble a v e r a g e  g i v e n  by ( 7 )  o c c u r r i n g  w i t h  t h e  i - t h  meteorolog- 
rn 
I 
i c a l  c o n d i t i o n  and 2 i s  t h e  p r o b a b i l i t y  o f  o c c u r r e n c e  o f  t h e  i - t h  
I 
m e t e o r o l o g i c a l  c o n d i t i o n  d u r i n g  T ( C  (Ti /T)  = 1)  . 
T .  
The p r o b a b i l i t i e s  2 can b e  e a s i l y  computed by s t a n d a r d  
rn 
I 
r o u t i n e l y  measured m e t e o r o l o g i c a l  d a t a  once  a  s u i t a b l e  d i v i s i o n  
i n  classes h a s  been d e f i n e d  f o r  t h e  r e l e v a n t  m e t e o r o l o g i c a l  pa ra -  
meters. The c l a s s i f i c a t i o n  adop ted  i n  t h i s  s t u d y  w i l l  be  p r e s e n t e d  
l a t e r .  The main d i f f i c u l t i e s  i n  t h e  a p p l i c a t i o n  o f  ( 8 )  i s  t h e  
computa t ion  o f  <C>i .  I n  p r i n c i p l e  w e  need t o  know [Gy ( ) 1 and 
[G, ( ) 1 f o r  e v e r y  m e t e o r o l o g i c a l  c o n d i t i o n .  
Noting t h a t  t h e  wind d i r e c t i o n  can  b e  t a k e n  un i fo rmly  d i s -  
t r i b u t e d  i n  each  s e c t o r  o f  t h e  wind r o s e  o v e r  a s u f f i c i e n t l y  
l o n g  p e r i o d  o f  t i m e ,  w e  deduce t h a t  [ G y I i  i s  a uniform d i s t r i b u t i o n  
independen t  o f  t h e  i - t h  m e t e o r o l o g i c a l  c o n d i t i o n .  I f  Nd i s  t h e  
number o f  s e c t o r s  o f  t h e  wind r o s e ,  it f o l l o w s :  
- Nd 'n 'n G y ( ~ . x - x s  lys) - z5 - lF=q)  f o r  - -(x-x ) <  y  5 -(x-xS) ( 9 )  Nd S - Nd 
o t h e r w i s e  
I n  w r i t i n g  ( 9 )  it h a s  been t a k e n  t h a t  t a n  ( ' n / N d ) - ~ / N d .  
The d e r i v a t i o n  of ( 7 )  h a s  been done under  t h e  assumpt ions  
o f  turbulence--homogeneous and s t a t i o n a r y  . Under t h e s e  assump- 
t i o n s  [ G , ( * ) l i  can  b e  t a k e n  a s  Gauss ian  (Monin and Yaglom, 1 9 7 1 ) .  
For  an unbounded atmosphere it has  t h e  form: 
I [ ~ ~ ( ~ , x - x ~ 1 h ~ ) l ~  = exp { - 
"'5 a  2 
3 
z , i  ' z , i  
I n  ( l o ) ,  t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  d i s t r i b u t i o n  a Z t i  and t h e  
plume r i s e  Ahit b o t h  depend on t h e  i n t e n s i t y  o f  t h e  t u r b u l e n c e  
a s s o c i a t e d  w i t h  t h e  i - t h  me t eo ro log i ca l  s i t u a t i o n ,  i n  a d d i t i o n  
Ahi depends a l s o  on t h e  ambient  a i r  t emepe ra tu r e  a t t r i b u t e d  t o  
t h e  i - t h  m e t e o r o l o g i c a l  c o n d i t i o n  and azi depends on t h e  
t r a v e l l e d  d i s t a n c e  (x-xs) . 
I n  r e a l i t y  v e r t i c a l  d i f f u s i o n  i s  l i m i t e d  below by t h e  ground 
and i n  some m e t e o r o l o g i c a l  c o n d i t i o n s  above by an  e l e v a t e d  i nve r -  
s i o n .  I f  ground and i n v e r s i o n  ba se  a c t  as p e r f e c t  r e f l e c t o r s  of 
t h e  d i f f u s i n g  m a t t e r  t h e n  [ G Z I i  can be  e a s i l y  deduced by adding 
a l l  t h e  c o n t r i b u t i o n s  o f  t h e  i n f i n i t e  number o f  image s o u r c e s  
gene r a t ed  by t h e  two m i r r o r s :  ground and i n v e r s i o n  b a s e .  Then, 
t h e  form of  [ G z  ( 0  ) 1 it c a l l i n g  H t h e  mixing h e i g h t  , becomes: 
Equat ion (11)  h a s  been deduced f o r  a  gaseous  p o l l u t a n t .  
F o r  t h e  s i m u l a t i o n  o f  d i s p e r s i o n  o f  p a r t i c u l a t e s  o r  d r o p l e t s  
w i t h  s i g n i f i c a n t  g r a v i t a t i o n a l  s e t t l i n g  v e l o c i t i e s ,  which w i l l  
be a l s o  c o n s i d e r e d  i n  t h i s  s t u d y ,  (11)  must be  modif ied .  Fol lowing 
Dumbauld and Bjork lund  (1975) g r a v i t a t i o n a l  s e t t l i n g  is  assumed 
t o  r e s u l t  i n  a  t i l t e d  plume w i t h  t h e  plume a x i s  i n c l i n e d  t o  t h e  
h o r i z o n t a l  a t  an  a n g l e  g i v e n  by a r c t a n  'st - where Vs i s  t h e  
- 
u  
g r a v i t a t i o n a l  s e t t l i n g  v e l o c i t y .  With t h e  a d d i t i o n a l  assumption 
t h a t  o n l y  a f r a c t i o n  f3 o f  t h e  m a t e r i a l  r e a c h i n g  t h e  ground i s  
r e f l e c t e d  from t h e  s u r f a c e ,  (11)  i s  t r a n s f o r m e d  t o :  
where 8  i s  t h e  r e f l e c t i o n  c o e f f i c i e n t  f o r  t h e  p a r t i c u l a t e s  (f3=0: 
no r e f l e c t i o n ;  8=1: comple te  r e f l e c t i o n ) .  
I f  t h e  compos i t ion  of  t h e  p a r t i c u l a t e s  e m i t t e d  by a g i v e n  
s o u r c e  c o v e r s  a t o o  wide r a n g e  o f  s e t t l i n g  v e l o c i t i e s ,  t h e  
N 
e m i t t e d  mass can  be d i v i d e d  i n t o  N f r a c t i o n s  Qn(nL1$n = 1 )  w i t h  
r e s p e c t i v e  r e f l e c t i o n  c o e f f i c i e n t s  B n  and s e t t l i n g  v e l o c i t i e s  
Vsn (n  = 1 , 2 ,  . . . , N )  . The v e r t i c a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
i s  t h e n  t h e  we igh ted  sum o f  t h e  p r o b a b i l i t y  d e n s i t y  o f  each  
c a t e g o r y ,  t h a t  is:  
where { [Pz ( 0 )  1 i}n i s  g i v e n  f o r  t h e  n- th  c a t e g o r y  by ( 1 2 )  . 
The q u a n t i t i e s  Vs, 8  and  Q i n  t h e  above e q u a t i o n s  are n o t  
independen t  v a r i a b l e s .  The s e t t l i n g  v e l o c i t y  c a n  be  computed 
from t h e  p a r t i c l e s  mass-mean d i a m e t e r  d  u s i n g  S t o k e s '  l a w :  
f o r  d  < 8 0  u m  
- 
2 
where g  i s  t h e  g r a v i t y  a c c e l e r a t i o n  (980 c m / s  ) ;  p i s  t h e  a b s o l u t e  
-4  
a i r  v i s c o s i t y  ( -  1.83.10 g/cm.s); P i s  t h e  p a r t i c l e  d e n s i t y  
3  (g/cm ) and d  i s  t h e  mass-mean d iamete r  g iven  by 
where d l  and d2  a r e  t h e  lower and upper bounds f o r  t h e  g iven 
p a r t i c l e  s i z e  ca t ego ry .  
The mass f r a c t i o n  @ depends on t h e  p a r t i c l e  d i ame te r .  I n  
t h i s  s t udy  @ has  been computed on t h e  assumption t h a t  s i z e  
d i s t r i b u t i o n  o f  t h e  e m i t t e d  p a r t i c u l a t e s  i s  lognormal (see, 
NATO-CCMS, V o l . ) .  For  t h e  r e l a t i o n s h i p  between t h e  g r a v i t a t i o n a l  
s e t t l i n g  v e l o c i t i e s  and t h e  r e f l e c t i o n  c o e f f i c i e n t  w e  adopted t h e  
sugges t i on  by Dumbauld e t  a l .  (1976) . 
I n  o r d e r  t o  app ly  (8 )  w i t h  t h e  s p e c i f i e d  G and G Z  o r  
Y 
P Z ,  t h e  p r o b a b i l i t y  o f  occur rence  of  a  g iven me teo ro log i ca l  
c o n d i t i o n  ha s  t o  be computed. Following Runca e t  a l . ,  (1976) 
wind d i r e c t i o n ,  wind speed ,  a tmospher ic  s t a b i l i t y  and tempera- 
t u r e  were d i v i d e d  i n t o  Nd, Nw, Ns,  and Nt c l a s s e s ,  r e s p e c t i v e l y .  
These c l a s s e s  were used t o  b u i l d  t h e  f requency m a t r i x  o f  occur-  
r ence  o f  a  p a r t i c u l a r  s e t  of  t h e  chosen paramete rs ,  ove r  t h e  
cons ide red  p e r i o d .  By normal iz ing  o v e r  a l l  t h e  o b s e r v a t i o n s  
t h e  f requency m a t r i x  i s  t r ans formed  t o  a  j o i n t  p r o b a b i l i t y  
m a t r i x  F, f o r  which t h e  sum ove r  a l l  t h e e l e m e n t s  must obv ious ly  
be e q u a l  t o  u n i t ,  t h a t  is :  
Nd Nw Ns Nt 
C C C C F ( i d ,  i w ,  i s ,  it) = 1  
i d = l  iw=l i s = l  i t = l  
Making use  o f  t h i s  m a t r i x  and assuming f o r  s i m p l i c i t y  t h a t  t h e  
sou rce  i s  l o c a t e d  a t  t h e  o r i g i n  o f  t h e  r e f e r e n c e  frame t h e  con- 
c e n t r a t i o n  a long  t h e  c e n t o r  l i n e  o f  t h e  i d - t h  wind s e c t o r  ha s  been 
computed by t h e  f o l l o w i n g  approximat ion t o  ( 8 )  : 
i n  which [ G Z ( * ) l i s I i t  i s  r e p l a c e d  by [Pz ( ) 1 is, it f o r  p a r t i c u l a t e s .  
For p o i n t s  n o t  f a l l i n g  i n  t h e  c e n t e r  l i n e ,  t h e  c o n c e n t r a t i o n  
v a l u e  has  been determined by i n t e r p o l a t i n g  a l o n g  t h e  a r c  o f  r a d i u s  
x  between t h e  two a d j a c e n t  s e c t o r s .  
I n  t h e  a p p l i c a t i o n  o f  e q u a t i o n  (14)  done i n  t h e  n e x t  s e c t i o n  
t h e  fo l l o w in g  c l a s s e s  have been chosen: 
wind d i r e c t i o n  : Nd = 8  
wind speed ( m / s ) :  Nw = 6  0< ;~<1 . 57 ;  1 . 5 7 < i 2 < 3 . 1 4 ;  
3.14<i3<5.24;  5.24<u4<8.38;  
8.38<;5<11.0; 11.0<u6 
a tmospher ic  
s t a b i l i t y  : Ns = 6 1  = very  u n s t a b l e ;  . . .; 6 = very  s t a b l e  
ambient  a i r  : Nt = 4 T  < O ;  O<T < l o ;  10<T <20;  
t e mp e r a tu r e  a ,  1  a1 2  a t  3  
(OC T  >20 
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Abatement and S t ack  Height  
Following t h e  n o t a t i o n s  q iven  i n  t h e  i n t r o d u c t i o n  l e t  us 
assume t h a t  w e  have chosen a  c e r t a i n  c o n t r o l  s t r a t e g y  I ;  depending 
on L  c o n t r o l  pa ramete r s  x i ( i  = 1 , 2 , . . . , L ) ,  w i t h  which concen t ra -  
t i o n  p a t t e r n s  o f  N p o l l u t a n t s  can be  i n f l u e n c e d .  I f  yI denotes  
t h e  t o t a l  c o s t  due t o  a  g iven  s e t  o f  t h e  L  paramete r s  x 1 , x 2 ,  ..., xL, 
t h e  g e n e r a l  o p t i m i z a t i o n  problem can  b e  s t a t e d  a s  f o l l ow s  ( f o r  
t h e  sake  o f  s i m p l i c i t y  w e  omi t  from now on t h e  s u b s c r i p t  I ) :  
min y ( x l , . .  . , xL )  I 
X I , . .  . , x  L 
s u b j e c t  t o  
f o r  a l l  ( x , Y ) E A  
min max 
< x .  < Xi Xi - , and j = 1 , 2 ,  ..., N I 1 - 
* 
where A i s  t h e  g eo g r ap h i ca l  a r e a  under c o n s i d e r a t i o n  and C i s  j  
t h e  s t a n d a r d  f o r  t h e  j - t h  p o l l u t a n t  ( a t  ground l e v e l ) .  
To become a b l e  t o  t a c k l e  t h i s  c o n s t r a i n e d  n o n - l i n e a r  op t imiza -  
t i o n  problem w e  w i l l  make t h e  f o l l o w i n g  s i m p l i f i c a t i o n s :  
( i )  The o v e r a l l  c o s t  f u n c t i o n  i s  s e p a r a b l e ,  i . e . ,  t h e  
t o t a l  c o s t s  a r e  t h e  sum o f  t h e  c o s t s  f o r  each  xi; 
(ii) The se t  o f  c o n t r o l  p a r a m e t e r s  x l ,  ..., x  can be L 




= ( x l , . . . , x  n  ) ) a f f e c t  o n l y  c o n c e n t r a t i o n  C1 
1  
( N )  - ( N )  X - ( x l  I . .  . , X  
- ( N ) )  a f f e c t  o n l y  c o n c e n t r a t i o n  cN , 
n~ 
and f i n a l l y  5 ( 0 )  = ( X I  
(0  ( O )  ) a f f e c t  a l l  c o n c e n t r a t i o n s  l i k e  
f o r  example t h e  s t a c k  h e i g h t  . ' x n ~  o  a  p l a n t .  To d i f f e r e n t i a t e  it 
from t h e  o t h e r  g roups  and  due t o  t h e  r e p o r t e d  example w e  use  
( 0 ) -  t h e  f o l l o w i n g  n o t a t i o n  5 - h .  Note t h a t  
To p roceed  f u r t h e r  w e  assume t h e  p r i n c i p l e  o f  independency,  t h a t  
means i f  C .  i s  t h e  i n i t i a l  c o n c e n t r a t i o n  and  x l  ( j  1 r . r X n  ( j )  I 
a r e  t h e  (normed t o  u n i t y )  c o n t r o l  p a r a m e t e r s  ( e f f i c i e n c i e s )  o f  
t h e  a p p l i e d  abatement  t e c h n i q u e s ,  t h e n  t h e  c o n c e n t r a t i o n  i s  
g iven  by 
The o p t i m i z a t i o n  problem now r e a d s  : 
N n j  
min Z L Kkj(xk 
( 1 )  ( N ) h  j = l k = 1  k=l  
z , . - . , z r  - 
s u b j e c t  t o  
f o r  a l l  ( x , y ) ~ A  and j=1,  . . . , N  
The dependency of  t h e  c o n c e n t r a t i o n - f u n c t i o n s  on t h e  p a r a m e t e r s  
h l t . . . , h  migh t  b e  ve ry  c o m p l i c a t e d  and even  n o t  d i f f e r e n t i a b l e .  
no 
T h e r e f o r e ,  w e  w i l l  p r o c e e d  i n  two s t e p s :  
( 1 )  W e  keep  t h e  p a r a m e t e r  c o n s t a n t ;  t h e n  t h e  o p t i m i z a -  
t i o n  problem ( 1 9 ) -  (20)  s p l i t s  i n  N subproblems:  
min K k j  (xk 
( j )  )
( j )  k = l  
x 
- 
s u b j e c t  t o  
where 
B. ( h )  = min J 
3 - ( x , y ) ~ A  C j  (x.y:h) 
( 2 )  w i t h  a sequence  o f  N sub-opt imal  s o l u t i o n s  - x ( j )  (h) 
( j = l , . . , )  f rom s t e p  ( 1 )  w e  compute by a s u i t a b l e  
s e a r c h  a l g o r i t h m  t h e  minimum o f  t h e  f u n c t i o n :  
To be  a b l e  t o  pe r fo rm t h i s  i n  a  r e a s o n a b l e  amount o f  computer 
t i m e ,  it i s  n e c e s s a r y  t o  use  a  f a s t  a l g o r i t h m  f o r  s o l v i n g  t h e  
subproblem ( 2 1 ) -  ( 2 2 ) .  W e  have proceeded a s  e x p l a i n e d  i n  
Appendix B. 
To i l l u s t r a t e  r e s u l t s  a c h i e v a b l e  by s o l v i n g  ( 2 0 ) - ( 2 1 ) ,  an  
a p p l i c a t i o n  h a s  been done t o  t h e  c a s e  o f  two p o l l u t a n t s ,  one 
gaseous  and t h e  o t h e r  composed o f  p a r t i c u l a t e s ,  r e l e a s e d  by t h e  
same s t a c k .  C o n s i s t e n t l y  w i t h  t h e  above f o r m u l a t i o n  it was 
assumed t h a t  t h e  e m i s s i o n  r a t e  o f  t h e  two p o l l u t a n t s  c o u l d  be 
c o n t r o l l e d  i n d e p e n d e n t l y  by two adequa te  abatement  t e c h n i q u e s .  
C o n c e n t r a t i o n  a t  t h e  ground f o r  t h e  two p o l l u t a n t s  w e r e  
prov ided  by (14)  w i t h  t h e  j o i n t  p r o b a b i l i t y  f r equency  m a t r i x  
F ( i d ,  i w ,  i s ,  it) computed by t h e  m e t e o r o l o g i c a l  d a t a  r e c o r d e d  
i n  Vienna f o r  t h e  p e r i o d  October  197-7 - A p r i l  1978 . I n f o r m a t i o n  
f o r  t h e  computa t ion  o f  t h e  plume r i s e  w i t h  t h e  e q u a t i o n  o f  
Appendix A w e r e  t a k e n  from a  the rmal  power p l a n t  o p e r a t i n g  i n  
t h e  a r e a .  The p a r t i c u l a t e  emiss ion  was assumed t o  b e  composed 
of  t h r e e  f r a c t i o n s  i n  t h e  r a t i o  1: 1.6: 0 .5  hav ing  a v e r a g e  
d i a m e t e r s  ( i n  p m )  3.39, 7.77 and 33.9,  r e s p e c t i v e l y .  The e m i s s i o n  
r a t e  was t a k e n  f o r  b o t h  p o l l u t a n t s  e q u a l  t o  (1000 g / s )  . 
The r e s u l t s  r e p o r t e d  below w e r e  a c h i e v e d  by assuming t h a t  
b o t h  c o s t s  o f  s t a c k  and abatement  t e c h n i q u e s  w e r e  growing w i t h  
t h e  s q u a r e  o f  t h e  s t a c k  h e i g h t  and abatement  t e c h n i q u e s  e f f i c i e n c i e s  
r e s p e c t i v e l y .  The r a t i o  o f  t h e  c o s t  i n c r e a s e  r e l a t i v e  t o  an  
i n c r e a s e  o f  t h e  s t a c k  h e i g h t  o f  20 meters and o f  t h e  e f f i c i e n c y  
o f  0 .1  was t a k e n  t o  be  1:1.2:3 r e s p e c t i v e l y  f o r  s t a c k ,  abatement  
o f  t h e  gaseous  p o l l u t a n t  and abatement  o f  t h e  p a r t i c u l a t e  m a t t e r .  
The minimum c o s t  I'I (see t h e  n o t a t i o n  adop ted  i n  t h e  i n t r o -  
d u c t i o n )  i s  d i s p l a y e d  i n  F i g u r e  2 .  Values o f  t h e  ground c o n c e n t r a -  
t i o n  (averaged  o v e r  t h e  p e r i o d  October-March) f o r  b o t h  p o l l u t a n t s  
- 
3 
a r e  g iven  i n  micrograms/m . 
The o p t i m a l  e f f i c i e n c i e s  and s t a c k  h e i g h t  c o r r e s p o n d i n g  t o  
t h e  minimum c o s t  f u n c t i o n  I'I d i s p l a y e d  i n  F i g u r e  2  a r e  r e p o r t e d  
i n  F i g u r e s  3, 4 and 5, r e s p e c t i v e l y .  
F i g u r e  2.  Minimum c o s t  f u n c t i o n  TI ( i n  a r b i t r a r y  u n i t )  f o r  t h e  
c o n s i d e r e d  c a s e  (see t e x t )  
Figu re  3 .  Optimal p e r c e n t  r e d u c t i o n  ( e f f i c i e n c y  o f  t h e  abatement 
t e c h n i q u e )  o f  t h e  emiss ion r a t e  o f  t h e  gaseous  p o l l u t a n t ,  
assumed t o  be  s u l f u r  d i o x i d e .  
TSP: t o t a l  suspended p a r t i c l e .  
F i g u r e  4 .  Optimal  p e r c e n t  r e d u c t i o n  ( e f f i c i e n c y  o f  t h e  abatement  
t e c h n i q u e )  o f  t h e  emiss ion  r a t e  o f  t h e  p a r t i c u l a t e  
m a t t e r  
F i g u r e  5 .  Optimal  s t a c k  h e i g h t  co r r e spond ing  t o  r o f  F i g u r e  2 I 
Graphics  of  F i g u r e s  2-5 prov ide  a  p r a c t i c a l  way t o  ana lyze  
a l t e r n a t i v e  c o n t r o l  s t r a t e g i e s .  The mathemat ica l  o p t i m i z a t i o n  
program h as  been conce ived  i n  a  modular way and can be  used 
i n t e r a c t i v e l y .  Co s t  f u n c t i o n s  a r e  an  i n p u t  t o  t h e  program. 
A n a l y s i s  on temporal  and s p a t i a l  s c a l e s  d i f f e r e n t  from t h e  
s e a s o n a l  and l o c a l  s c a l e s  t r e a t e d  by t h e  d i f f u s i o n  model used 
i n  t h i s  s t u d y  can be done by implementing a  d i f f u s i o n  model 
s u i t a b l e  t o  t h e  p o i n t  o f  i n t e r e s t .  
Urban C e n t r a l i z e d  Heat ing System 
C e n t r a l i z a t i o n  o f  t h e  h e a t  supp ly  i n  a  dense ly  popu l a t ed  
a r e a  p r o v i d e s  a  powerful ,  a l t hough  very  c o s t l y ,  t o o l  t o  reduce  
p o l l u t i o n .  W e  d i s c u s s  i n  t h e  fo l l owing  i d e n t i f i c a t i o n  o f  
minimum c o s t  ne tworks  o f  h e a t  conveyance nece s sa ry  t o  supply  a  
se t  of  c i t y  su b r eg i o n s  chosen i n  such a way t h a t  a  g iven  p e r c e n t  
r e d u c t i o n  o f  t h e  e x i s t i n g  p o l l u t i o n  i s  ach i eved  a t  a  s p e c i f i e d  
l o c a t i o n .  
L e t  Si, i = 1 , .  . . , N  be t h e  number o f  sub reg ions  which can  
be p o t e n t i a l l y  s u p p l i e d  w i t h  h e a t ,  and l e t  us  assume t h a t  t hey  
do n o t  i n t e r s e c t .  Fur thermore ,  w e  c o n s i d e r  t h e s e  sub reg ions  sma l l  
enough t o  b e  r e p r e s e n t e d  by t h e i r  geog raph i ca l  b a r y c e n t e r  i n  t h e  
chosen r e f e r e n c e  frame,  and w e  i n d i c a t e  by lij  ( i , j  = 0.1, ..., N )  
t h e  l e n g t h  o f  t h e  network connec t ing  Si w i th  S j  (lij = lji, 
lii = 0; t h e  index  0  r e f e r s  t o  t h e  power p l a n t ) .  I n  a d d i t i o n  
w e  c a l l  Ei t h e  h e a t  needed by Si and E T t h e  t o t a l  maximum h e a t  
produced by t h e  c e n t r a l  h e a t  p l a n t .  
L e t  A be  t h e  l o c a t i o n  where p o l l u t i o n  shou ld  be reduced,  t h e n  
t h e  o p t i m i z a t i o n  problem t o  be s o l v e d  can  be  fo rma l i zed  a s  f o l l ows :  
N N 
min L L c i j  y i j  ( t i j )  
i= 0 j = O  
s u b j e c t  t o :  
where cA i s  t h e  e x i s t i n g  c o n c e n t r a t i o n  i n  A ;  ciA i s  t h e  c o n t r i b u -  
t i o n  from Si t o  A; p  (O<p<1) i s  t h e  p e r c e n t  r e d u c t i o n  o f  cA: 
- - 
I 1 i f  Si i s  s u p p l i e d  = 
i 0  o t h e r w i s e ;  
1  i f  Si i s  connected  t o  S  o r  
I j 
E i j  = 1 t o  t h e  c e n t r a l  h e a t  p l a n t  
1 0  o t h e r w i se ;  
and y i j  a r e  t h e  c o s t s  o f  c o n s t r u c t i o n  o f  fi i j .  
The s t r a i g h t f o r w a r d  approach t o  t h e  s o l u t i o n  o f  t h i s  com- 
b i n a t o r i a l - m i n i m i z a t i o n  problem i s  t o  i d e n t i f y  o u t  o f  t h e  2 N 
p o s s i b l e  combinat ions  o f  t h e  N sub reg ions  t hose twh ich  v e r i f y  
c o n s t r a i n t s  (26a)  and (26b)  and t h e n  t o  select  t h e  one which 
g i v e s  t h e  minimum c o s t  network.  Th i s  approach i s  n o t  implement- 
a b l e  even on a  l a r g e  computer because  o f  t h e  r a p i d  growth w i th  N 
o f  t h e  number o f  p o s s i b l e  combinat ions .  
To overcome t h i s  d i f f i c u l t y  it i s  n e c e s s a r y  t o  reduce  
a  p r i o r i  t h e  p o s s i b l e  c h o i c e s  by means o f  p r a c t i c a l  cons ide r a -  
t i o n s .  For example, it does n o t  make t o o  much s e n s e  t o  ana lyze  
c a s e s  i n  which t h e  s e l e c t e d  sub reg ions  a r e  f a r  from each  o t h e r .  
On t h i s  b a s i s ,  a s  a n  a l t e r n a t i v e  t o  t h e  combinatorial-minimization 
approach t h e  f o l l o w i n g  a l g o r i t h m  has  been adopted:  
( 1 )  I d e n t i f y  t h e  su b reg ion  Sio which c o n t r i b u t e s  m o s t  t o  
A A ,  t h a t  i s  Cio = cA ( w e  c a l l  it t h e  'I core"  ) ; i = 1 ? ? . , ~  i t  
( 2 )  Check ( 2 6 b ) ,  i f  v e r i f i e d  go t o  s t e p  ( 5 ) ,  o t h e r w i s e  
( 3 )  I d e n t i f y  t h e  su b reg ions  su r round ing  t h e  "core"  ( w e  
c a l l  it t h e  " b e l t " )  and select  from it t h e  subreg ion  
which c o n t r i b u t e s  most t o  A. Remove t h i s  subreg ion  
from t h e  " b e l t "  and add it t o  t h e  " c o r e " .  
( 4 )  Check ( 2 6 b ) ,  i f  v e r i f i e d  t o  s ten (51,  o the rw i se  
go t o  ( 3 ) .  
( 5 )  Check ( 2 6 a ) ,  i f  v e r i f i e d ,  a  f e a s i b l e  s o l u t i o n  t o  
( 2 5 ) - ( 2 6 )  h a s  been found. 
To minimize t h e  c o s t  of  t h e  network, s t e p s  ( 1 )  t o  ( 5 )  a r e  
r epea t ed  N t i m e s  t a k i n g  a t  each t i m e  a  new subreg ion  a s  i n i t i a l  
" co re " ,  and o u t  o f  t h e  i d e n t i f i e d  f e a s i b l e  s o l u t i o n s  t h e  one f o r  
which t h e  c o s t  o f  t h e  h e a t  conveyance network i s  minimal i s  
s e l e c t e d .  For each f e a s i b l e  s o l u t i o n  t h e  network o f  minimum 
c o s t  i s  computed by an a l g o r i t h m  b u i l t  on t h e  de t e rmina t i on  
o f  t h e  s h o r t e s t  spanning s u b t r e e  o f  a  graph (Kruska l ,  1956) .  
Of cou r se  w i t h  t h e  above procedure  g e n e r a l l y  t h e  g l o b a l  
minimum i s  n o t  ach ieved ,  however, it prov ides  a  "common s e n s e  
based"  method t o  i d e n t i f y  a  s o l u t i o n  w i th  c o n s t r a i n t s  (26a) and 
(26b) and t o  se lec t  o u t  of  a l l  t h e s e  p o s s i b l e  s o l u t i o n s  t h e  one 
of  minimum c o s t .  Also  i n  t h e  c o n s t r u c t i o n  o f  t h e  network t h e  
fo l lowing  f a c t o r s  which can be i nc luded  i n  t h e  adopted procedure  
must b e  t aken  i n t o  account :  
( a )  I n  an urban a r e a  t h e  h e a t  conveyance network can on ly  
fo l l ow  t h e  e x i s t i n g  network o f  s t r e e t s .  Thus, t h e  
minimum c o s t  network must be  i d e n t i f i e d  w i t h i n  t h i s  
g iven  network. 
( b )  A h e a t  conveyance network might a l r e a d y  e x i s t ,  and 
can be  extended.  To i n c l u d e  t h i s  i n  t h e  above procedure  
t h e  l e n g t h  of  the network between Si and t h e  c e n t r a l  
h e a t  p l a n t  must be r e p l a c e d  by t h e  l e n g t h  between 
subreg ion  Si and t h e  e x i s t i n g  network.  
(c )  There a r e  p a r t s  of  t h e  urban a r e a  which canno t  be 
c r o s s e d  by t h e  p i p e l i n e .  Th i s  reduces  t h e  number o f  
f e a s i b l e  s o l u t i o n s .  
The procedure  above o u t l i n e d  has  been a p p l i e d  t o  t h e  c i t y  
o f  Vienna a s  i l l u s t r a t e d  below.. 
F i r s t ,  t h e  model s p e c i f i e d  i n  t h e  "Atmospheric System" 
s e c t i o n  has  been used t o  s i m u l a t e  t h e  f i e l d  o f  s u l f u r  d i o x i d e  
c o n c e n t r a t i o n  averaged ove r  t h e  p e r i o d ,  October  1977-April 1978, 
f o r  which t h e  emiss ion  d a t a  w e r e  a v a i l a b l e .  I s o l i n e s  on concen- 
t r a t i o n  computed o v e r  a  g r i d  o f  30x24 p o i n t s ,  spaced 1 km a p a r t ,  
a r e  d i s p l a y e d  i n  F i g u r e  6. A s  expec ted ,  due t o  ave rag ing  ove r  
t h e  whole h e a t i n g  p e r i o d ,  t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  i s  
r e l a t i v e l y  smooth w i t h  a  maximum i n  t h e  c e n t e r  o f  t h e  c i t y .  
Figu re  6 .  I s o l i n e s  of t h e  h e a t i n g  p e r i o d  - SO2 average  
c o n c e n t r a t i o n  i n  t h e  c i t y  o f  Vienna. Values 
r e p o r t e d  a r e  i n  (pg/m3). The t h i c k  l i n e  r e p r e s e n t s  
t h e  c i t y  b o r d e r ,  and t h e  squa re  t h e  assumed l o c a t i o n  
o f  t h e  c e n t r a l  h e a t  p l a n t  
Then, t a k i n g  t h e  l o c a t i o n  o f  t h e  c e n t r a l  h e a t  p l a n t  i n  t h e  
a r e a  i n d i c a t e d  by t h e  squa re  i n  F igure  6 ,  t h e  p rocedure  o u t l i n e d  
above has  been a p p l i e d  t o  i d e n t i f y  an "optomal" h e a t  conveyance 
network which cou ld  ensu re  a  3 0 %  r educ t i on  o f  p o l l u t i o n  i n  t h e  
c e n t e r  o f  t h e  c i t y .  Assuming t h a t  on ly  household  emiss ions  
would be  connected t o  t h e  network,  t h e  r e s u l t i n g  op t ima l  network 
i s  shown i n  F igure  7 .  Figu re  7 a l s o  d i s p l a y  t h e  c o n c e n t r a t i o n  
d i s t r i b u t i o n  a s  it would b e  i f  t h e  network would be i n  o p e r a t i o n .  
CONCLUSION 
The s e l e c t i o n  o f  c o n t r o l  s t r a t e g i e s  t o  ach i eve  t h e  g iven  
environmenta l  g o a l s  cannot  be done on a  p u r e l y  "good s e n s e "  
b a s i s ,  due t o  t h e  i m p o s s i b i l i t y  t o  p e r c e i v e  comple te ly  t h e  
" i n t r i g u e d "  r e l a t i o n s h i p  between t h e  impact  on environmenta l  
system and each o f  t h e  p o s s i b l e  a l t e r n a t i v e  s o l u t i o n s .  
With r e f e r e n c e  t o  t h e  a tmospher ic  sys tem w e  have shown t h a t  
in format ion  on atmosphere a s  w e l l  a s  c o n t r o l  s t r a t e g i e s  can b e  
i n t e g r a t e d  i n  a  mathemat ica l  program which de te rmines  under 
g iven  c o n s t r a i n t s ,  an  op t imal  c o n f i g u r a t i o n  o f  a  s e l e c t e d  c o n t r o l  
s t r a t e g y .  S p e c i f i c a l l y  t h i s  was done i n  two c a s e s :  a )  t h e  c o n t r o l  
o f  a i r  p o l l u t i o n  from a  l a r g e  p o i n t  sou rce  ( the rmal  power p l a n t )  
and b )  r e d u c t i o n  of p o l l u t i o n  i n  an  urban a r e a  by means o f  a  
c e n t r a l i z e d  h e a t i n g  system. 
Although s i m p l i f i c a t i o n s  have been i n t r o d u c e d  i n  t h e  de sc r ip -  
t i o n  o f  bo th  t h e  a tmospher ic  sys tem and adopted c o n t r o l  s t r a t e g y ,  
numerical  exper iments  conducted w i t h  emiss ion  and me teo ro log i ca l  
d a t a  o f  t h e  c i t y  o f  Vienna p rov ided  r e s u l t s  which e s p e c i a l l y  
through t h e i r  r e p r e s e n t a t i o n  i n  g r a p h i c a l  form, appeared  t o  b e  a  
more v a l u a b l e  i n fo rma t ion  b a s i s  (wi th  r e s p e c t  t o  t h e  i n p u t  i n f o r -  
mat ion)  on which t o  e v a l u a t e  a l t e r n a t i v e  c o n t r o l  s t r a t e g i e s .  
F i g u r e  7. Heat  conveyance network s u p p l y i n g  househo ld  e m i s s i o n s  
de te rmined  under  t h e  c o n d i t i o n  t h a t  p o l l u t i o n  i n  t h e  
c e n t e r  o f  t h e  c i t y  i s  reduced by 3 0 % .  I s o l i n e s  r e f e r  
t o  t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  which would r e s u l t  
w i t h  t h e  network i n  o p e r a t i o n  
APPENDIX A 
For b o th  u n s t a b l e  and n e u t r a l  atmosphere t h e  plume rise i s  
given  by: 
where 
- L 4d(Vs+3u) 
; X <  and F = 0 
vs; 
* * 3 . 5 ~  ; x > 3 . 5 x  - a n d F > O  
4d (~,.+3;) u 4d (~ , -+3;)  
; x >  - hA and F = 0  
vsii vs; 
The symbols used i n  t h e  above equa t i ons  a r e :  
ambient  a i r  t empera tu re  ( K )  
s t a c k  e x i t  t empera tu re  ( K )  
s t a c k  e x i t  v e l o c i t y  ( m / s )  
s t a c k  i n n e r  d iamete r  ( m )  
mean wind speed ( m / s )  
2 g r a v i t y  a c c e l e r a t i o n  ( 9 . 8  1 m / s  ) 
momentum f l u x  t e rm 
buoyancy f l u x  term 
buoyancy f l u x  below which plume r i se  i s  due 
momentum on ly  
j e t  en t r a inmen t  c o e f f i c i e n t  
buoyancy en t r a inmen t  c o e f f i c i e n t  (assumed = 0.6) 
downwind d i s t a n c e  
For s t a b l e  s i t u a t i o n s  Ah i s  given  by: 
Ah(x) = x '  s i n  (JS ,) + - 3F ( 1  - cos  (&:I) 
u 
2- B2us u 1'" 
where S  = 3 
Ta E 
- 
; x <  n u  and F > 0 75 
nu  and F = 0 ; x  < rJc 
and F > 0 ; x 2 x  
Tru \ T;S Tru ; X >  - 2 - x  and F = 0 
B2 : buoyancy en t r a inmen t  c o e f f i c i e n t  f o r  s t a b l e  c o n d i t i o n  
a l s o  assumed = 0 . 6 ,  and 
. - 
az - 
v e r t i c a l  p o t e n t i a l  t empera tu re  g r a d i e n t  ( ~ / m ) ;  
p o t e n t i a l  t empera tu re  i s  t h e  t empera tu re  which an 
a i r  p a r c e l  o r i g i n a l l y  a t  a n  a r b i t r a r y  h e i g h t  would 
assume i f  it  w e r e  compressed o r  expanded a d i a b a t i c a l l y  
a e  a0 - o; t o  t h e  p r e s s u r e  o f  1 0 0 0  mb (Note t h a t  < 0; a, - 
'3 e 
and - > 0 cor responds  t o  u n s t a b l e ,  n e u t r a l  and s t a b l e  
az 
atmosphere,  r e s p e c t i v e l y )  . 
APPENDIX B 
Let us consider the solution of the following optimization 
problem: 
n 
min C Ki(xi) 
x ~ ~ . . . ~ x ~  i=l 
subject to 
0 <xi min max 
- - < x i 5 x  i - < 1, 
First we see immediately that a solution is feasible only if 
II (1-xi max) - < A; and assuming that the functions Ki are monotically 
increasing (which is a reasonable assumption for cost-efficiency 
functions) the problem is nontrivial only if II(1-xi min) > A. 
Second we reformulate (2a) as follows: 
The problem is nontrivial if A' < 1. 
W e  i n t r o d u c e  t h e  f o l l o w i n g  t r a n s f o r m a t i o n :  
l o g  I y i  = - min ' 1  - x  i 
min) ,-yi 
e q u i v a l e n t  t o  x  = 1  - (1 - xi i 
D e f i n i n g  Fi (y i )  = Ki( l  - (1-x min ) ,-Y i ) i 
problem ( 1  ) - ( 3 )  becomes : 
max 
0 - < Y i  f Y i  , i = l ,  .. .,n 
max 1 - Xi 
where yi m a  x  = - l o g  
m i  n  (Note: i f  xi max = 1, t h e n  1 - xi  
L 
Y i maX = +a). Note t h a t  by t h e  adopted  t r a n s f o r m a t i o n ,  c o n s t r a i n t s  
have become l i n e a r .  
The Lagrang ian  o f  ( 4 )  - ( 5 )  r e a d s :  
n  n  n  n  max 
L(y ,A,2 ,2 )  = C Fi (y i )  - A (  C yi - a )  + 1 PiYi f C vi(yi- yi) 
- i= 1  i= 1  i= 1  i= 1
The n e c e s s a r y  Kuhn-Tucker (see, e . g . ,  W i s m e r  and C h a t t e r g y ,  
1978) c o n d i t i o n s  f o r  a minimum p o i n t  are 
max - y . )  = 0 ,  u .  > 0, max - U j  ( y j  y j  1 0 ,  j = l . . . n  (10)  I I - 
( I n  c a s e  of  y max = + c a t  omi t  t h e  cor responding  u i n  ( 6 )  and ( 10)  ) . j j 
F i r s t  a  s o l u t i o n  t o  ( 7 ) - ( 1 0 )  i n  t h e  i n t e r i o r  o f  t h e  ( y , h )  
- 
space  i s  s ea r ched .  The sys tem ( 7 )  - ( 10) reduces  t o  ( F  ' = j 
aF . l a y  .) 
I 1  
max f o r  h - > 0; 0 5 y j  5 y j  , j = 1, ..., n o r  more fo rma l ly ,  - f ( g )  = 2 
w e r e  z = (y ,  A ) ,  and t h e  f u n c t i o n  f i s  d e f i n e d  by Equat ions  (11) 
- - 
and ( 12) . 
To s o l v e  (1  3 )  w e  use Newton- i tera t ion:  
where f ' ,  t h e  J acob i an  of  f i s  given by (assuming t h a t  t h e  
F . ' s  a r e  tw ice  d i f f e r e n t i a b l e )  
I 
and i t s  i n v e r s e  i s  given  by 
a s  can b e  proved by i n d u c t i o n .  
The i t e r a t i o n  scheme (14)  r e ads  then :  
where w e  have i n t r o d u c e d  fo rma l ly  
Next t h e  s o l u t i o n s  a t  t h e  boundary o f  t h e  (y,A) space  a r e  
- 
sea rched .  An a r b i t r a r y  hyper - sur face  o f  t h e  boundary o f  t h e  
c o n s i d e r e d  domain i s  c h a r a c t e r i z e d  un ique ly  by a c e r t a i n  
max 
se t  o f  v a r i a b l e s  {y . ), which t a k e  t h e  v a l u e  0 o r  y . 
I j 
Without l o s s  o f  g e n e r a l i t y  we can assume t h a t :  
and 
- max 
Yj - Y j  , j = n l + l ,  ..., n2<n 
The sys tem ( 7 )  - (10) can t hen  be p u t  i n  t h e  form: 
n  n2 
max E y j = a -  y j  
j=n2+1 j=n l+ l  
"2 
P u t t i n g  a  - E y j  max = a '  we s e e  t h a t  ( 2 0 ) - ( 2 1 )  i s  
j = n l + l  
e q u i v a l e n t  t o  (1 1 ) -  ( 1 2 ) .  They can  t h e r e f o r e  be  s o l v e d  by t h e  
previously d e s c r i b e d  Newton- i t e ra t ion  method. Once X i s  computed 
from ( 2 0 ) - ( 2 1 ) ,  
'j and U a r e  o b t a i n e d  by i n s e r t i n g  from ( 18) - ( 19) . j  
The t o t a l  number of sys tems o f  t h e  t ype  ( 1 1 ) - ( 1 2 )  and ( 2 0 ) - ( 2 1 )  
r e s p e c t i v e l y  i n s i d e  and on t h e  boundary o f  t h e  (y,X) space ,  t o  
be so lved  i s  (3n - 2"). The g l o b a l  optima i s  s e l e c t e d  from t h e  
(3n - 2") l o c a l  opt ima.  The number o f  sys tems t o  be  s o l v e d  
reduces ,  i f  y  j  max i s  i n f i n i t e  f o r  some j .  
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